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This paper presents a fast tool that can be used during the preliminary design of isotropic and composite stiffened
panels subjected to axial compression. It consists of two modules, one for the analysis and one for the optimization.
The analysis is performed by implementing an analytical formulation to obtain the linearized buckling load and to
study the nonlinear postbuckling field. In particular, closed-form solutions are derived for the linearized local and
global buckling loads, and a semi-analytical procedure is implemented for the study of the nonlinear local
postbuckling field. The optimization is based on genetic algorithms and allows taking into account buckling and
postbuckling requirements with reduced computational time. Two examples regarding the minimum weight
optimization of an isotropic panel and a composite panel are discussed and verified by means of finite element
eigenvalue and nonlinear analyses. The total time required for the analysis and the optimization is of the order of a
few minutes, and the difference between the analytical and numerical results is below 9% for the buckling load and

below 3% for the postbuckling stiffness.

Nomenclature
[A], [B],[P] = membrane, coupling, and bending stiffness
L matrices of the skin

[A]l,[B],[P] = membrane, coupling, and bending stiffness
matrices of the smeared panel

Ay = stiffener cross-sectional area

a, B = panel length and width

[a],[],[d] = semi-inverse relation matrices

b = distance between the stiffeners

E = Young’s modulus for isotropic material

EA,EJ = axial and bending stiffness of the stiffeners

E\, Eyn = longitudinal and transverse Young’s moduli for
the composite ply

F = functional related to the panel

Fy = functional related to the skin

f = objective function for the constrained problem

fit = fitness function

fun = objective function for the unconstrained problem

G = shear modulus for isotropic material

GJ* = half-torsional stiffness of the stiffeners

G = shear modulus for the composite ply

Ky, Kpow = prebuckling and postbuckling stiffness

K{ﬁg, K{,?,fsl = prebuckling and postbuckling stiffness reference
value

{k} = vector of panel curvatures

L,(),L,() = differential operators

m, n = number of half-waves in longitudinal and
transverse directions

N, = number of constraints
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forces and moments per unit length on the
panel skin

forces and moments per unit length on the
smeared stiffeners

forces and moments per unit length on the
smeared panel

number of stiffeners

number of terms for the out-of-plane
displacement

buckling load

buckling load for global mode

buckling load for local mode

reference buckling load

amplitudes of out-of-plane displacement for the
(P x Q)-term solution

amplitudes of out-of-plane displacement for the
two-term solution

amplitudes of out-of-plane displacement
satisfying clamped conditions

amplitudes of out-of-plane displacement
satisfying simply supported conditions
number of terms for Airy stress function
longitudinal and transverse compression strength
for the composite ply

longitudinal and transverse tensile strength for
the composite ply

in-plane shear strength for the composite ply
number of terms for geometrical imperfections
skin thickness

equivalent thickness of the smeared panel

ply thickness

in-plane displacements

skin total potential energy

stiffeners strain energy

panel weight and reference panel weight
out-of-plane displacement

geometrical imperfection

vector of design variables

design variable and design variable reference
value

coordinates on the panel midsurface

partial differentiation with respect to the
coordinates on the panel midsurface

stiffener eccentricity
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Vik = shear strains

vy = in-plane shear strain limit for the composite ply

Au = axial displacement

AX; = nondimensional ith constraint violation

€k = normal strains

€€, e§ = maximum longitudinal and transverse
compressive strain for the composite ply

el el = maximum longitudinal and transverse tensile
strain for the composite ply

n; = penalty function

7 = amplitude of Airy stress function

v = Poisson’s ratio for isotropic material

Vip = Poisson’s ratio for the composite ply

£1,6,&, = nondimensional parameters

P = material density

o = prebuckling stress

Obuck = buckling stress

x(x,y) = Aliry stress function

1. Introduction

TIFFENED panels are common structural elements in aero-

nautical applications, and different strategies have been pro-
posed in literature to obtain optimal designs even if there are often
difficulties related with the ability to handle a high number of design
variables and to describe the buckling and postbuckling behavior. For
example, PANDAZ2 [1]is a program based on a gradient optimization
algorithm for the minimum weight design of composite panels with
or without stiffeners. It uses simple models to obtain prebuckling,
buckling, and postbuckling responses under different loading con-
ditions. VICONOPT is another program based on a stiffness matrix
method with exact flat-plate theory and a gradient-based optimi-
zation strategy, used for the optimization of stiffened panels of an
aircraft wing [2].

The main difficulties related to the use of gradient methods when
dealing with composite structures is given by the fact that they can
find points of local optimum and that the discrete variables, such as
the number of plies and the orientation angles, have to be approxi-
mated as continuous variables. For this reason, genetic algorithms [3]
have been widely used for the optimization of composite structures.
They offer the possibility of handling discrete variables as well as of
providing global optimization capabilities. For example, genetic
algorithms were used by Nagendra et al.[4], considering stiffened
composite panels under compression and shear loads. They also
presented an improved version of genetic algorithms with reference
to laminated structures [5], by introducing new operators and
obtaining better convergence performances. In a few cases, genetic
algorithms have been used together with the finite element method.
An example can be found in the work of Kang and Kim [6], in which
genetic algorithms are coupled with the finite element method to
perform minimum weight analysis of unstiffened and stiffened
composite panels with buckling and postbuckling constraints, and
parallel computing techniques are applied to reduce the CPU time.
Faggiani and Falzon [7] optimized stiffened panels using genetic
algorithms and the finite element methodology, taking into account
damage resistance within the postbuckling regime.

The high computational effort is the main limitation of the use of
genetic algorithms together with the finite element analysis. This
justifies the interest for more time-effective strategies, for which the
main idea is to replace the finite element method with approximation
techniques. Bisagni and Lanzi [§] presented an optimization for the
minimum weight design of stiffened composite panels subjected to
buckling and postbuckling constraints using genetic algorithms and
neural networks trained by means of finite element analyses to reduce
the computational costs. Other global approximations methods, such
as radial basis functions and kriging, were used in a multi-objective
optimization based on genetic algorithms presented by Lanzi and
Giavotto [9], and surrogate models built employing the response
surface method were presented by Rikards et al. [10]. An applica-
tion of genetic algorithms together with analytical and numerical

methods can be found in the work of Herencia et al. [11] within the
context of a two-level optimization, in which membrane and flexural
anisotropy is taken into account, and constraints regarding buckling
are introduced referring only to a linearized analysis. Jaunky et al.
[12] presented a minimum weight optimization strategy for grid-
stiffened panels based on genetic algorithms and analytical formul-
ations, always with the constraints limited to the linearized buckling
load.

The use of an analytical approach results in an attractive strategy
due to its effectiveness in terms of computational time, especially if
compared with conventional numerical procedures such as the finite
element method. This aspect becomes even more important when
dealing with highly nonlinear analyses and in the context of optimi-
zation procedures, in which repeated analyses are required. With
respect to the finite element method, which can analyze arbitrary
geometry, load, and boundary condition, the analytical approaches
are generally restricted to simplified conditions, such as the first
buckling mode exhibited by the structure.

In the case of global buckling load (i.e., the buckling with half-
waves encompassing several stiffeners), which is typical of closely
spaced and not-too-stiff stiffeners, the analytical formulations
usually refer to the so-called linear smeared theory. It is based on the
idea of smearing the stiffeners over the panel, so that the stiffeners are
distributed over the panel and are considered as an additional layup to
the panel skin. The linear smeared theory is discussed in several
papers, with applications to isotropic panels [13] and orthotropic
panels [14,15].

Several analytical approaches can be found in the literature in the
case of local buckling load (i.e., the skin buckling between the
stiffeners), which is the typical buckling mode of the aeronautical
stiffened panels. A common approach is to consider a null or an
infinite amount of restraint given by the stiffeners to the panel edges
rotations, so that the study of the stiffened panel can be conducted on
a plate with clamped or simply supported boundary conditions.
Under these assumptions, classical closed-form solutions are avail-
able for both isotropic [16] and composite panels [17]. This approach
was applied, for example, by Pevzner et al. [18] to study the local
buckling load of a composite cylindrical stiffened panel, in which the
portion of skin between the stiffeners is assumed to be simply
supported along the longitudinal direction and clamped along the
circumferential direction. Paik and Thayamballi [19] presented a
strategy to take into account the amount of restraint to edge rotations
given by the stiffeners. They considered an isotropic stiffened
panel that is modeled as a panel elastically restrained along the edges.
The equilibrium equation were then solved using the method of
Kantorovich, and closed-form solutions were also derived. Another
approach that enables taking into account the interaction between
skin and stiffeners is that presented by Fujikubo and Yao [20]. They
derived a closed-form solution for the linear buckling load of
isotropic stiffened panels, modeling both skin and stiffeners as plates,
thus allowing the possibility of also considering local web buckling.
The problem was solved using energy principles and applying the
method of Ritz with appropriate shape functions. An analogous
approach was presented by Mittelstedt [21] in the case of composite
materials.

In any case, all these analytical formulations deal with the study of
the linearized buckling load. On the other hand, more recent ana-
lytical formulations regard the study of nonlinear postbuckling field,
considering the case of local buckling. A semi-analytical formulation
for the study of the local postbuckling field of isotropic stiffened
panels was discussed in the work of Byklum and Amdahl [22],
considering a plate model for both skin and stiffeners and applying
the large-deflection-plate theory. Buermann et al. [23] extended the
analysis to the case of cylindrical isotropic panels, also including
frames and doublers. The formulations for the postbuckling field of
stiffened panels made of composite materials are even more rare.
Mentioned among them is the work of Romeo and Frulla [24], in
which the POBUCK computer program, based on a semi-analytical
approach, is presented. The case of stiffened anisotropic panels
subjected to biaxial loading was analyzed, and the local postbuck-
ling analysis was performed considering the stiffeners as simply
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supported and clamped boundary conditions. A simplified analysis
for the nonlinear postbuckling of simply supported composite panels
was presented by Bisagni [25] and closed-form solutions were
derived. Sheinman and Frostig [26] presented a semi-analytical
formulation for the postbuckling analysis of composite stiffened
panels, modeling the panel as a plate assembly.

It is finally noted that all the works cited so far deal with
longitudinally stiffeners. Skewed stiffeners have been proposed to
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obtain axial-shear stiffness coupling and to improve structural
performance, as done by Young et al. [27]. Howeyver, this configura-
tion is not considered here.

The goal of this work is to present a fast tool for the analysis and the
optimization of longitudinally stiffened panels subjected to axial
compression. Buckling and postbuckling constraints, such as those
on the postbuckling stiffness, are handled in a fast way, and a
numerical approach is not required. To this aim, an analytical formu-
lation is developed, allowing for the study of the global and local
buckling loads and local postbuckling field. The stiffeners are
modeled as de Saint-Venant torsion bars, giving a better represen-
tation of the boundary conditions than in the case of idealized simply
supported and clamped conditions.

The fast tool is obtained by coupling the analysis module, based on
the analytical formulation, with an optimization module, based on
genetic algorithms, as sketched in Fig. 1. The tool, implemented in
C + + language program, performs a call from the analysis to the
optimization module when the buckling and postbuckling behavior
of a panel needs to be evaluated. The analyses are performed using
the analytical formulation, and the results are sent back to the
optimization module.

II. Analysis Module

The analytical formulation implemented in the analysis module is
summarized in Fig. 2.

The formulation allows studying the elastic buckling load and
postbuckling field of flat isotropic and composite panels with equally
spaced longitudinal stiffeners subjected to pure compression load. A
sketch of the analyzed panels is shown in Fig. 3, and the reference
system and the positive directions of displacements, rotations, forces,
and moments are reported in Fig. 4.

The analytical formulation allows obtaining the buckling load in
the case of global and local buckling modes and the postbuckling
field behavior in the case of only local buckling. This is motivated by
the fact that aeronautical structures are generally designed to avoid
global buckling as the first buckling mode. After the buckling, the
structure can still carry loads until the collapse. In general, the ratio
between the collapse load and the buckling load depends on the
buckling mode exhibited by the structure. If the panel undergoes a
global buckling mode, then the collapse load is generally close to the
buckling load. On the other hand, when the buckling mode is local,
the collapse load is much higher than the buckling load. In this case,
the structure is generally allowed to work in the postbuckling field to
obtain structural weight reduction.

The analytical formulation developed here is based on von
Kérman [16] thin-plate theory, in which the transverse shear defor-
mations are neglected. Isotropic and composite materials are
considered. In the case of composite materials, the classical lamina-
tion theory is applied, introducing the hypothesis of symmetric
laminate. The hypothesis of null bending-twisting coupling (i.e.,
D¢ = D,¢ = 0) is also introduced in the linearized formulations for
the study of local and global buckling loads. Moreover, in the case of
global buckling, it is assumed that membrane anisotropy is null (i.e.,
A=Ay = 0).

The buckling loads are evaluated by means of two closed-form
solutions for global and local buckling modes. In the case of global

Fig. 4 Conventions for the analytical formulation: panel reference system, displacements and rotations for global buckling (left) and local buckling

(center), and membrane forces and moments (right).
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Fig. 5 Stiffened panel model for local buckling analysis.

buckling mode, the panel is studied referring to the linear smeared
theory [13-15] and assuming simply supported conditions along all
four edges. The equilibrium and compatibility equations are then
solved by means of the method of Galerkin, obtaining a closed-form
solution for the linearized buckling load.

In the case of local buckling mode, the panel is studied considering
the skin between two stiffeners, which is chosen as a representative
unit of the whole panel, as shown in Fig. 5. The stiffeners are not
smeared onto the plate, but are considered as discrete entities, for
which the torsional stiffness is taken into account, modeling the
stiffeners as de Saint-Venant torsion bars. The panel is assumed to be
simply supported along the loaded edges and elastically restrained
along the longitudinal edges. The equilibrium is imposed applying
the minimum potential energy principle, which is solved using the
method of Ritz. A closed-form solution is obtained, which allows
evaluating the buckling load also considering the contribute to the
restraint of the edges rotation given by the stiffeners.

The study of the local postbuckling field is carried out modeling
the panel as in the case of the local buckling load, thus considering
the part of the panel between two torsion bars representing the
stiffeners. The nonlinear problem is then formulated starting from a
variational principle, in which the unknowns are the out-of-plane
displacement and the Airy stress function. The nonlinear governing
equations are derived introducing appropriate sets of trigonometric
shape functions and applying the method of Ritz. As few terms of
shape functions are usually sufficient to obtain accurate solutions, the
nonlinear problem can be solved with a reduced computational
effort.

A. Global Buckling Load

The analytical formulation for the study of the global buckling
mode is presented here, obtaining a closed-form solution for the
linearized buckling load. The theory is developed writing the
governing differential equations that are solved using the method of
Galerkin.

The linear smeared theory is applied, considering the stiffeners
elastic properties averaged over the stiffener spacing and obtaining a
panel with an additional layup of the skin due to the presence of the
stiffeners. A Cartesian orthogonal coordinate system is taken over the
panel midsurface, with the origin in the lower left corner of the panel,
the x axis directed along the panel length, and the y axis along the
panel width. The contribution to the smeared panel global stiffness is
due to the stiffener axial and bending stiffnesses, and the torsional
stiffness is not introduced into the model.

The additional layer due to the smearing process of the stiffeners is
characterized by a distributed bending stiffness given by EJ/b, and a
distributed axial stiffness given by EA/b. As a stiffener is generally
characterized by an eccentricity z, which corresponds to the distance
between the skin midsurface and the stringer elastic centroid, the
membrane force on the smeared layup can be written as

EA

Nxx = T(GXX - zw/xx) (1)

assuming that the strains vary linearly across the stiffener height, and
satisfying the compatibility of displacements between skin and
stiffeners.

Similarly, the bending moment acting on the smeared layup is

- EA

- _ EJ
Mxx = 7Z(6xx - Zw/xx) - 7 w/xx (2)

The total forces and bending moments per unit length acting on the
smeared panel are obtained by summing the terms related to the skin
and the terms related to the smeared stiffeners. The forces per unit
length are given by

Ny =Ny + Ny 3)

where i, k = x, y. Similarly, the moments per unit length are written
as

My =My + M, 4)

where i, k = x,y. From Egs. (1) and (2) it can be seen tpat the
presence of the longitudinal stiffeners affects only the terms N, and
M,,.
Having defined forces and moments per unit length acting on the
smeared panel by Eqgs. (3) and (4), the equilibrium equations of the

smeared panel are given by

NXX/.\‘ + ny/y =0

Niyx+Nyyy =0

N Wi+ Ny Wy + 2N Wy + Moy +2M oy 0y + My, =0
©)

where the only difference with respect to the unstiffened panel
relies on the presence of the distributed stiffnesses given by Egs. (1)
and (2).

The Airy stress function y(x, y) is now introduced. It is related to
the internal forces per unit length of the smeared panel. In the case of
pure compressive load, the following is obtained:

N yx = =0leq + X3y

N)')' = X/XX ny = _X/xy (6)
where the prestress o is taken positive in compression, and ., is the
equivalent thickness of the smeared panel, which is given by

teq = ASl/b + t (7)

Substituting Eq. (6) into the equilibrium equations given by Eq. (5),
the two in-plane equations are identically satisfied, and the out-of-
plane equation is rewritten as

= OleqW/ux Xy Wixx F X/meWyyy = 2X /iy Wy
+ MXX/XX + 21‘_4)@/)6,\’ + M)'y/y.v =0 ®)

Having introduced the Airy stress function, the compatibility of
displacements must be guaranteed. In this case, the compatibility
equation, expressed in term of strains and considering only linear
terms, is given by

€xx/yy + €yy/xx = Vay/xy &)

The governing equations (8) and (9) have to be rewritten in terms of
the out-of-plane displacement w and the Airy stress function x that
are the unknowns of the problem.

The further assumption of null membrane anisotropy (i.e.,
A = Ays = 0) is introduced to simplify the derivation of a closed-
form solution. Applying the classical lamination theory and con-
sidering Egs. (1) and (2), the forces and moments per unit length
acting on the smeared panel are related to the skin midsurface strains
and curvatures by
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Ny [ +AL Ap O
N vy Ap Ap 0O
N, 0 0 Ag
M, - ZEA 0 0
M,, 0 0 0
M,, L 0 0 0

which can be rewritten in a more compact form as

{{N}} [[é] [él]{{e}} )
uny ) = LB 51) 14
From Eq. (L1), the semi-inverse relation can be derived:
{{ﬁ}}z[%Z} _[[Sl]T]{EJZf } 12
where
=M B=BA" =0 BIAFE (3

The strains and the moments per unit length can also be expressed in
terms of forces per unit length and curvatures, and from Eq. (6) in
terms of xy and w.
Substituting Eq. (12) into Egs. (8) and (9), the equilibrium and
compatibility equations can be written as
{ Li(x.w) =

14
Ly w) =0 (1

where

LI (Xv U)) = Uteqw/.xx + nyw/xx + Xxxw/yy - 2Xxyw/xy + blZX/xxxx
+ bl 1X/xxyy — dl 1W/xxxx = (2d12 + 4d66)w/xxyy - d22w/yyyy (15)

LZ(X’ w) = allX/y)'yy + (2(112 + aﬁ())X/xxyy + a22X/xxxx
+ blZw/xxxx + bllw/xxyy (16)
The unknown functions w(x, y) and y(x,y) are expressed using a
one-term trigonometric series function:

nmwy

w(x,y) = qsm—sm— x(x,y)=
a B

nwy
——sin—— (17
" sln sm 3 17)

It is observed that the out-of-plane displacement identically satisfies
the simply supported boundary conditions along the four edges.

The system of partial differential equations given by Eq. (14) is
solved using the method of Galerkin:

{fo JEL (x.w) sin 2% sin 22 dx dy = 0

18
nmdxdy 0 (18)

J& & Ly(x, w) sin ™2

After some algebraic manipulations, a closed-form solution for the
critical buckling stress of the smeared panel is derived:

z58 0 0 €
0 0 0 €,
0 0 0 Vxy
EJ 10)
g+Dy D 0 Wy
Dy, Dy 0 —Wyy
0 0 D66 | _2wxy

The obtained closed-form solution is a function of the unknown
number of half-waves in longitudinal and transverse directions m and
n. The buckling stress can be obtained by evaluating Eq. (19) for a
sufficient number of (m, n) terms and taking the minimum value. The
corresponding buckling load is easily derived multiplying Eq. (19)
by the total cross-sectional area of the panel.

The obtained closed-form solution is compared with the one for
global buckling of flat stiffened panels made of isotropic material
reported in the appendix of [14]. The two formulations present two
main differences. First, the solution reported in [14] is derived using
the three components of the displacement as unknowns, and Eq. (19)
is obtained using the out-of-plane displacement and the Airy stress
function. Second, the stiffener torsional stiffness is accounted for in
the solution proposed in [14], whereas it is neglected in Eq. (19).

The two equations are applied to obtain the buckling stress of a
series of isotropic panels. The considered material is an aluminum
alloy for which the mechanical properties are reported in Table 1. The
number of stiffeners is taken equal to 5, the panel width is 700 mm,
and the stiffener height is 28 mm. Figure 6 reports the normalized
buckling stress versus the ratio between web and skin thickness for
five different panel aspect ratios. The results show very good
agreement between the two formulations. It can also be noted that the
effect of neglecting the torsional stiffness does not influence the
results.

B. Skin Local Buckling Load

The analytical formulation for the study of the local skin buckling
is developed considering a representative unit of the panel, con-
stituted by the portion of structure between two stiffeners, as shown
in Fig. 5. The loaded edges are assumed to be simply supported, and
the unloaded longitudinal edges are assumed to be elastically
restrained by de Saint-Venant torsion bars, as done by the authors in a
previous work [28].

The problem is formulated by writing the total potential energy of
the structure, which is composed of two terms. The first one is
associated with skin deflection, and the second term is due to the
torsion of the stiffeners. The strain energy due to the skin deflection
can be written as

1 fa [b
‘/sk = 5/(; A (—otwix + D“U)i\_x + 2D12w/xxw/”

+ Dzzw?)y,y + 4D66 U)?Xy) dx dy (20)

The strain energy associated with the stiffeners is given by

1 fa 1 fa
Va=3 / GI*wj,, dxly—o + 3 / GIwj, dxl,o, D)

[((mn/a)*by, + (mn/a)*(nm/B)*by,|*

1
Touck = 7( ){[(mn/afazz+(mn/a)Z(nn/B)Z(Zalﬁaaﬁ)+(nn/B)4a.11

[ (Y (5w (5]
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Table 1 Aluminum alloy mechanical properties

Material properties Aluminum alloy

Young’s modulus E, N/mm? 72,400
Shear modulus G, N/mm? 27,218
Poisson’s ratio v 0.33
Density p, kg/m? 2,768
Yield stress o5, N/mm? 340

as the rotation of the torsion bars is equal to the twist angle of the
panel edge. Only half of the stringer torsional stiffness, indicated by
GJ*, is used to take into account the presence of adjacent structure
[19]. The problem is solved using the method of Ritz and choosing
appropriate shape functions. The elastic restraint can be considered
as an intermediate condition between the simply supported and the
clamped condition. The out-of-plane displacement can be repre-
sented as the superposition of two terms satisfying simply supported
and clamped conditions:

2
w(x,y) =|q, sin? 4+ 2 (1~ cos 22 | sin )
b T2 5 =

The natural conditions of equilibrium between torsional moments
along the stiffener axis and bending moments along the panel edges
are given by

DZQU)/”,()C, b) = G‘,*w/x.\'y(x? b)
D22w/yy(x* O) = _G‘I*w/xxy(xv 0) (23)

Only one of the two conditions needs to be imposed, because of the
assumed symmetry of the function given by Eq. (22). Substituting
Eq. (22) into Eq. (23), the unknown g, can be expressed in terms of
q:, and the expression of the out-of-plane displacement that iden-
tically satisfies the natural conditions given by Eq. (23) is obtained as

2 * 2
w(x,y) = q, [sin% + (1 — cos%) 4GDJZZ bn(%) ] (24)

The equilibrium is imposed by applying the minimum potential
energy principle:

8(‘/sk + Vsl) _

0 25)
9q, (

Substituting Eq. (24) in Egs. (20) and (21) and applying Eq. (25), the
following is obtained after some algebraic manipulation:

Ref. 14
/A Eq.(19)

a/b=1.0

151

t/ tyen

Fig. 6 Normalized buckling stress: comparison between Eq. (19) and
the solution of [14].

9 ., an*D,, )
(3 + 8§ +EEI) + 20 3+ 8% +3&)

br*m*Dy,
12a°

atm?

+ 6ab
br*m?
12a

an*D
(D1 + D66)(3 + 8%, + e 2 E%)

— ot

(3‘*‘8’51"‘%5%)}]1 =0 (26)

where the following adimensional parameters are defined:

GJ*b 2
& = (ﬁ) 27

D22 a

484 320§, + 4872E;
T48 4 1288, + 91?8

& (28)

96 + 2565, + 24728}

5=13 + 128%, + 972E2

(29)

Equation (26) is used to obtain the buckling load, which corresponds
to the nontrivial solution (i.e., g; # 0):

2 [ (m)? a\2(/1\*
Obuck 27[(5) Dy, + (;) (Z) Dk,
2
+ (Z) (Dlz + 2D66)$3i| (30)

The buckling stress can be obtained by evaluating Eq. (30) for
different numbers of half-waves m in the longitudinal direction and
taking the minimum value. It is worth noting that this is the stress on
the skin, which is, in general, different from the stress on the
stiffeners, due to internal load redistribution. As a result, the total
buckling load is given by two terms. The first one is the load acting on
the skin, which is simply obtained by integrating the buckling stress
given by Eq. (30) over the skin cross section. The second term is the
load acting on the stiffeners, which can be derived considering the
stiffener axial stiffness and the fact that both the skin and the
stiffeners undergo the same displacement. In particular, in buckling
conditions the displacement is given by

Aty = —Opyextaya (31)

The total load on the stiffened panel is then expressed as
EA
Pruek = Opue B + A Aty (32)

and the prebuckling stiffness can be easily calculated as the ratio
between buckling load and buckling displacement:

P buck
K,.=— 33
pre Aubuck ( )

The obtained closed-form solution is compared with that for
local buckling of composite panels presented by Mittelstedt [21].
Mittelstedt models the blade stiffener as a plate element and
considers simply supported conditions along all four edges, avoiding
the fact that bending moments can be exchanged between the skin
and the stiffener.

The results of [21] are compared with those obtained applying
Eq. (30) and are summarized in Table 2. The maximum percent
difference between the two formulations is below 8.5%. The larger
difference is obtained in the case of the panel with a stiffener of height
equal to 40 mm and a stacking sequence [0 deg /90 deg],, which also
corresponds to the stiffener with the highest torsional stiffness.

C. Postbuckling Field for Skin Local Buckling

The postbuckling field is studied in the case of skin buckling
considering the portion of the panel between the stiffeners. The
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Table 2 Comparison between Eq. (30) and [21] results (skin layup [0 deg /90 deg],,) for 6,y (N/mm?)

Stiffener layup
[0deg /90 deg],, [0deg /90 deg]s, [0deg /90 deg],,
h, mm Equation (30) [21] Equation (30) [21] Equation (30) [21]
20 6.56 6.52 6.99 7.04 7.73 7.94
30 6.65 6.50 7.28 7.41 8.28 8.83
40 6.75 6.41 7.54 7.60 8.75 9.56

stiffeners are modeled as de Saint-Venant torsion bars, and the panel
is considered simply supported along the loaded edges and elastically
restrained by the stiffeners along the longitudinal edges, as already
done for the evaluation of the buckling load. The procedure is applied
to isotropic and composite panels, and a symmetric stacking se-
quence is assumed in the case of composite materials.

The problem is written in a variational form and is solved applying
the method of Ritz. The functional is composed of two terms: the first
one, F, is related to the skin deflection and the second one, V, is
related to the stiffener torsion. The geometrical imperfections, which
are always present in real applications, are introduced in the model
because they avoid convergence problems from a numerical point of
view.

At first, the term of the functional associated with the skin is
written as [29]

1 fa [P
Fsk = _5/ / (allX;y): - 2“16X/xyx/yy + 2a12X/xxX/y)'
0 0
+ @66 X ]y — 2026 X jxx Xy + A2 X7 )dxdy
1 a (b
+ 5/ / (Dllw?xx + 4D16w/x)cw/xy + 2D12w/x.\'w/)‘y
0 0

+ 4D66w?xy + 4Dy W Wy + Dzzw%,},)dxdy
1 a b
+ 5/ / (_Utw?x + X/yyw?x = 22Xy Wpw,y + X/xxw?y)dXdy
o Jo

a (b
+ / / (Utw()w/xx - X/_vyw()w/xx + 2X/x_\=w0w/xy
0 0
- X/xxw()w/yy)dXdy (34)

The first two terms of Eq. (34) represent the membrane and the
bending energy of the skin. The third and the fourth terms are not
directly related to energy consideration, but are responsible for the
coupling between compatibility and equilibrium equations. The term
related to the stiffeners strain energy V,, which is given by Eq. (21),
has to be added to the functional given by Eq. (34), so that the
complete functional to minimize is given by

F=Fy+V, (35)

The out-of-plane displacement is described by the superposition of
terms satisfying simply supported and clamped boundary conditions
along the transverse edges and of sine terms satisfying simply
supported boundary conditions along the longitudinal direction:

Z Z g sm—51 ?

m=1 n=

+ Z qm( — cos —y) sin "% (36)

m=

w(x,y) =

Imposing the natural conditions given by Eq. (23), Eq. (36) becomes

L & . max[ . nmy
E E g, SIn—— [ sin ——
a b

= mzn:| 37)

w(x,y) =

The Airy stress function x(x,y) can be represented by a trigo-
nometric series of cosines:

ZR: zS: Mwn COS lcos Zy (38)

m=0,2,4,...n=0,2,4,..

x(x,y) =

where the amplitude of the constant term is forced to be null (i.e.,
Hoo = 0).

The geometrical imperfections are introduced in the model
considering a series of sines:

T U
niy
E d —sin—- 39
wO(x y) 1 mn SIH Sl b ( )

m=1 n=

where the amplitudes d,,, are known quantities.
After substitution of the expressions given by Eqgs. (37-39) into the
functional given by Eq. (35),

RSRS POPQO

F: Zﬂrsmnﬂrsﬂ“nm + Z (Xz,rxmn +Xirxmn)qrsqmn
RSPQPQ PQPQ
+ Z A3rsmnpql"’rsqmnqpq +ot Z A4rimnqr9q"m
rsmnpq rsmn
RSPQTU __ POQTU
+ Z ASrsmnpq:“rs‘Imndpq + ot Z A6r.¥anrsqmn+ (40)
rsmnpq rsmn

where the terms Al, A2, A3, A4, AS, and A6 are multidimensional
arrays of numerical coefficients analytically calculated.

The set of governing equations is derived by applying the sta-
tionarity of the functional given by Eq. (40). Because p; and
g are the unknowns of the problem, the variational problem is
reduced to

IF __
o~
OF __

0qik

41

The set of nonlinear equations is solved by applying Eq. (41) to the
approximate functional given by Eq. (40). In particular, the first
R x S equations represent the compatibility equations and are
given by

RSRS RSPQPQ
ZAAmmumn Z Ccmnpqqmnqpq
rsmn rsmnpq
RSPQTU
+ Y CCOpg@undyg =0 (42)
rsmnpq

The second P x Q equations represent the equilibrium conditions
and are given by
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POPO PQPOPQ

Z BB:rfnqmn + Z DD;fnpqqmnrupq
rsmn rsmnpq
PQTURS POPQ
+ Y DD eduttp, + Y EE},01q,,
rsmnpq rsmn
PQTU
+ Y EEO,0td,, =0 (43)
rsmn
where the terms AAJ,, BBj,, CCp,.,. CCOp,... DDy, ...

DDOy, > EE,;,, and EEQ;;,
dimensions 4 and 6.

The governing equations (42) and (43) must now be solved to
obtain the force-displacement curve and the postbuckling stiffness.
Even if the equations are analytically obtained, a numerical solution
is required, due to the nonlinearity of the problem and to the involved
number of unknowns. In particular, the method of Newton—Raphson
is used. The load history is divided into small steps. Starting from the
unloaded condition, the load steps are progressively applied, and the
unknowns pu; and ¢; are calculated at each step until the
convergence is reached.

The expression of the panel displacement in the case of symmetric
laminate is calculated as

1 fa (b
Au:g/ / (a“x/yy_alﬁx/Xy"’alzX/xx—a”gt
o Jo

1
—swj, + wow/”) dxdy (44)

are arrays of numerical coefficients of

2

which is the nonlinear counterpart of Eq. (31), including the effect of
the geometrical imperfections.

After substituting Eqs. (37-39) into Eq. (44), the expression for
the panel displacement as a function of the unknowns is obtained:

PQOPQ PQTU
Au = _Utalla + Z GGrsmnqrxqmn + Z GGOrsmnqrxdmn
rsmn rsmn

(45)

At the end of the procedure, the total load on the stiffened panel is
calculated as is done in the linearized case and hence the force-
displacement curve can be traced.

III. Optimization Module

The second part of the fast tool is given by the optimization
module. It can implement different optimization algorithms and can
be used to optimize different objective functions with or without
constraints. Without loss of generality, the optimization can be
written as a minimization in the form

{Mmlmlze f(X) 46)

Subject to  X; > X'f

where f is a general objective function, written in terms of the design
variables X. A maximization problem can be written in the form of
Eq. (46) by treating the objective function as the inverse of f({X}).
Common optimization problems include the minimization of the
structural weight or the maximization of the buckling loads.

The approach used to handle the constraints is to write an uncon-
strained problem by means of penalty functions. The normalized
violation of the generic ith constraint is expressed as

AX; = (X = X))/ X}t (47)

where the normalization is done with respect to a reference value X',
This is motivated by the fact that different constraints can be imposed
in the procedure, but the value of the violation must be independent of
the type of the considered constraint.

The penalty functions are written as exponential:

A if AX; >0
”l’_{1 if AX; <0 48
The optimization problem given by Eq. (46) is written as
Nc
Minimize f.,(X) =f(X) [ [n: (49)
i=1

Genetic algorithms are then considered to solve the optimization
procedure. This choice is motivated by the ability of genetic algo-
rithms to handle discrete variables and to work in the context of
nonconvex design spaces. As genetic algorithms are based on the
survival of the fittest individuals, it is common to write the optimi-
zation problem in terms of maximization of a fitness function rather
than in terms of minimization of an objective function. The generic
unconstrained minimization problem given by Eq. (49) is so
rewritten as a maximization problem by introducing the fitness
function:

1

. . . l
Maximize fit(X) = mm

(50)

Genetic algorithms are implemented using selection, crossover,
and mutation operators. In particular, the procedure starts with the
generation of an initial population, randomly created inside the
design space. The population is then ranked according to the fitness
values of each individual, and the fittest members are selected.
Among these, the better-performing individuals are passed intact to
the following generation: this strategy is referred to as elitism. The
other members are created using the crossover and mutation
operators.

The procedure can end according to different criteria, such as the
maximum number of generations, the change in the average value of
the fitness function, or the variance of the fitness value.

IV. Optimization of Two Stiffened Panels

This tool is applied here to perform the minimum weight opti-
mization of a flat isotropic panel and a flat composite panel subjected
to axial compression. The optimization scheme is shown in Fig. 7.

At first, the optimization domain is presented describing the
design space and the design variables considered in the two cases.
Then the optimization strategy is discussed, writing the fitness func-
tion in terms of the design variables and describing the constraints
that regard both the buckling load and the postbuckling behavior.

Constraint - Penalty
Values Functions Fitness
T Evaluation
Analytical Weight J
Formulation Y
f T End?
Population |« Genetic | NO
: Algorithms YES
Y
FE » Optimized
Verification | Configuration

Fig. 7 Optimization scheme (FE denotes finite element).
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A. Panels Description and Optimization Domain

Two panels are considered: an isotropic panel and a composite
panel. The two panels have widths of 700 mm and lengths of
700 mm. The design variables are the number and the height of the
stiffeners as well as the skin and stiffener thicknesses. The stiffeners
are considered blade-shaped with heights varying from 22 to 35 mm.
The distance between two stiffeners can vary from 140 to 350 mm,
depending on the number of the stiffeners, which varies from three to
six. In particular, two stiffeners are placed at the edges to avoid local
free-edge skin buckling of the external portions.

The considered materials are aluminum alloy 2024-T3 and a
graphite/epoxy woven, for which the mechanical properties are
reported in Tables 1 and 3, respectively. Table 4 reports the maximum
stresses and strains for the graphite/epoxy.

The design variables related to the skin and stiffener thicknesses
are chosen according to the considered material.

In the case of isotropic material, the thicknesses are directly the
design variables, the skin thickness can vary from 1 to 2.5 mm, and
the web thickness can vary from 2 to 6.5 mm, considering discrete
steps of 0.50 mm in both cases. The optimization domain of the
isotropic panel is shown in Table 5.

In the case of composite material, the design variables are the
number of plies. Because of practical design considerations, the
angles of orientation of skin and stiffener are limited to 0, £45, and
90 deg. According to industrial requirements, the skin is charac-
terized by two external plies oriented at O deg; in both cases, the
internal plies vary between 1 and 4 and can assume angles of
+45 deg with the constraint of symmetric layup. The stiffeners are
composed of a number of plies between 4 and 12, which are
alternatively oriented at 0 and 90 deg. The total thicknesses of the
skin and of the stiffener are determined by the number of plies and
vary between 0.99 and 2.31 mm and between 1.98 and 6.60 mm,
respectively. Table 6 reports the optimization domain of the
composite panel.

Table 3 Graphite/epoxy ply mechanical properties

Material properties Graphite/epoxy ply
Young’s modulus E;;, N/mm? 58,615
Young’s modulus E,,, N/mm? 58,615
Shear modulus G5, N/mm? 3,064
Poisson’s ratio v, 0.048
Density p, kg/m? 1510

Ply thickness, mm 0.33

Table 4 Maximum stresses and strains for

the graphite/epoxy ply
Property Value
ST, ST, MPa 440
S¢, S$, MPa 468
S12, MPa 99
el el 0.0075
€, e§ 0.0080
v 0.0323

Table 5 Optimization domain: isotropic panel

Description Variable =~ Minimum Maximum
value value
Skin thickness, mm X, 1.00 2.50
Stiffener web thickness, mm X, 2.00 6.50
Side dimensions of the X3 22 35
stiffeners, mm
Number of stiffeners X, 3 6

Table 6 Optimization domain: composite panel

Description Variable Minimum Maximum
value value
Number of layers at +45 deg in X, 1 4
the skin
Number of layers in the stiffeners X, 4 12
Side dimensions of the stiffeners X; 22 35
Number of stiffeners X, 3 6

B. Optimization Scheme

In the examples presented, the goal of the optimization is to
minimize the weight, taking into account constraints on the buckling
load and on the postbuckling behavior. In particular, the constraints
are given by the buckling load and the prebuckling and postbuckling
stiftnesses. All of them must be higher than minimum fixed values.
Moreover, it is imposed that the optimal configuration undergoes a
local buckling mode, and this is done requiring that the ratio between
global and local buckling loads is greater than 1.5. With reference to
Eq. (46), the optimization problem is formulated as

Minimize W (X)

ref
Pbuck loc = Pbuck loc
K > Kref

pre pre

ef
K post > K;ost

Subject to (51)

Pbuck glob > 1~5Pbuck loc

The panel weight can be easily written as a function of the design
variables reported in Tables 5 and 6. For the isotropic panel, the
weight is given by

WX\, X5, X3, X4) = pa[BX, + X,X5X,] (52)
In both cases, for the composite panel, it is given by
WXy, X5, X35, X,) = patyy [B(X; +2) + X, X3X,] (53)

As shown in Fig. 7, the constraint values are evaluated by means of
the analytical formulation. The first constraint regards the local
buckling load and is evaluated referring to Eq. (32). The prebuckling
stiffness constitutes the second constraint and is calculated using
Eg. (33).

The third constraint is represented by the postbuckling stiffness. In
this case, the force-displacement curve is obtained by solving the
nonlinear problem described by Egs. (42) and (43). In particular, the
panel is loaded with a displacement control until a value equal to 3
times the displacement associated with the buckling load, which is
given by Eq. (31). Then a linear approximation is performed
connecting the last point of the curve with the point corresponding to
the buckling condition to derive the postbuckling stiffness.

The fourth constraint regards the buckling mode, as it imposes that
the global buckling load is 1.5 times higher than the local buckling
load. The global and local buckling loads are evaluated referring to
Eqgs. (19) and (32). As previously discussed, the constrained problem
is transformed into an unconstrained problem and the fitness function
results are composed of two terms. The first one is due to the objec-
tive function, which coincides with the panel weight. The second one
is due to the penalty functions, as can be seen in Fig. 7. The fitness
function is therefore given by

ref _4

w11 (54)

i=1

fit =

where the panel weight is normalized, introducing a reference value
Wref. The solution is terminated when the maximum number of
generation is reached. Therefore, after calculating the fitness func-
tion, the optimization can continue if the maximum number of
generations has yet to be reached. In this case, a new population is
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Table 7 Optimized isotropic panel with a weight of 27.94 N

Constraint ~ Fast Finite % diff.
tool element

Buckling load, kN 65.00 64.45 59.70  8.84
Prebuckling stiffness, kN/mm 100.00 152.04 152.04  0.00
Postbuckling stiffness, kN/mm 75.00 83.00 83.80 —0.95
Global-local ratio 1.50 1.62 1.82 —10.99

Table 8 Optimized composite panel with a weight of 19.82 N

Constraint  Fast Finite % diff.
tool element

Buckling load, kN 65.00 65.16 6229  4.62
Prebuckling stiffness, kKN/mm 100.00 123.82  123.82 0.00
Postbuckling stiffness, kN/mm 75.00 86.13 8376  2.87
Global-local ratio 1.50 1.55 1.62 —4.32

created and the iteration is repeated. On the other hand, if the
maximum number of generations is reached, the procedure is
interrupted and the optimized configuration is then obtained as the
bestindividual of the last generation. At the end of the optimization, a
finite element analysis is performed to verify the accuracy of the
analytical results and to check that no failure occurs.

V. Results

The results obtained by the minimum weight optimizations of the
isotropic panel and of the composite panel are presented here. The
constraints considered in the optimization are reported in the second
columns of Tables 7 and 8, respectively.

An initial population of 30 individuals, generated randomly into
the optimization domain, is considered. Good convergence to the
optimal solutions is found using a percent of elite children equal to
0.10, a crossover probability of 0.90, and a mutation probability of
0.10. The maximum number of generations is taken equal to 20. The
fitness value assumed by the best individual of each generation until
the maximum number of generations is shown in Fig. 8.

For the isotropic panel, the best individual of the first generation
has a fitness function equal to 0.49. The solution converges to an
optimal configuration with a fitness function of 0.64 and a
corresponding weight of 27.94 N. It is characterized by skin
thickness equal to 1.50 mm, web thickness equal to 2.50 mm, and six
stiffeners of height equal to 28.00 mm. It can be observed from
Table 7 that the constraint on the buckling load is slightly violated
and the three remaining constraints are respected. Indeed, the
analytical buckling load is 0.85% lower than the corresponding

0.95

Fitness function

- Isotropic panel
—#%— Composite panel

2 4 6 8 10 12 14 16 18 20
Generation
Fig. 8 Convergence of the optimization procedure.

constraint, but the obtained configuration is the one with the highest
fitness function, despite the violation and the consequent nonnull
term in the penalty function.

For the composite panel, the best individual of the first generation
has a fitness function equal to 0.75. The procedure converges to an
optimal configuration characterized by a fitness function of 0.91 and
a corresponding weight of 19.83 N. The optimized panel has six
stiffeners of height equal to 25.50 mm and is characterized by a skin
layup given by [0deg /45 deg / — 45 deg /45 deg /0 deg] for a total
thickness of 1.65 mm. The stiffeners are composed of 15 layers for a
total thickness of 4.95 mm. It can be observed from Table § that the
analytical results respect the four constraints and that the weight is
29% lower than the weight of the isotropic panel.

The constraint on the buckling load is the most critical one for both
optimized configurations, as shown in Tables 7 and 8. Indeed, the
optimal solutions of the considered design space are close to the
boundaries represented by the buckling load value.

The optimized configurations are then verified by finite element
analyses using the commercial code ABAQUS [30]. The numerical
models are realized using S4R shell elements and choosing the mesh
size according to a convergence analysis. The isotropic panel results
are composed of 12,400 elements and the composite panel has
13,640 elements, with element dimensions of about 7 x 7 mm.

The comparison between the numerical and analytical results is
reported in Tables 7 and 8, in which the percent differences are also
shown, taking the finite element results as reference. The local and
global buckling loads are computed by performing linearized
eigenvalue analyses. The analytical buckling loads are higher than
the numerical ones in both cases, with percent differences below 9%.

Figure 9 shows the local and global buckling modes for the
optimized isotropic panel obtained with ABAQUS eigenvalue
analysis. The first buckling mode is of local type. The global mode is
associated with the 48th eigenvalue. The numerical global buckling
load is equal to 108.65 kN and the analytical one is 104.41 kN,
resulting in a 3.90% lower analytical value.

Figure 10 shows the local and global buckling modes for the
optimized composite panel obtained with ABAQUS eigenvalue
analysis. Even in this case, the first buckling mode is of local type.
The global mode is associated with the 55th eigenvalue. The
numerical global buckling load is equal to 100.84 kN and the
analytical one is 101.22 kN, resulting in a 0.37% higher analytical
value.

The prebuckling and postbuckling stiffnesses are derived per-
forming nonlinear analyses. The prebuckling stiffness is derived
from the slope of the force-displacement curve in the prebuckling
range; in both cases, the postbuckling stiffness is obtained as done
with the analytical procedure. The comparison between the
analytical and numerical pre- and postbuckling stiffnesses for the two
analyzed panels is reported in Tables 7 and 8. The analytical
prebuckling stiffness coincides with the numerical one in both cases.
The comparison with the postbuckling stiffness also shows good
agreement between analytical and numerical results, as the percent
differences are below 3%. However, it must be noted that for the
isotropic panel, the numerical model has a higher postbuckling
stiffness than the analytical one, whereas it is the opposite for the
composite panel. Good agreement in the postbuckling field is also
revealed by the comparison between the force-displacement curves,
which are reported in Figs. 11a and 11b.

The nonlinear finite element analyses are also used to verity thatno
failure occurs in the considered postbuckling field. In the case of
isotropic material, it is verified that the von Mises stress does not
exceed the material yielding stress, and in the case of composite
material, itis applied to a first ply failure criterion based on maximum
strain.

Figure 12 shows the contour of the von Mises stress for the
optimized isotropic panel at the maximum displacement Au=
1.27 mm. The maximum von Mises stress is equal to 306.40 MPa,
which is approximately 10% lower than the material yield stress.

Figure 13 shows the contour of the maximum strain failure index
for the optimized composite panel at the maximum displacement
Au = 1.61 mm. The maximum value of the index is equal to 0.48,
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a) Local

b) Global
Fig. 9 Buckling modes: isotropic panel.

a) Local b) Global
Fig. 10 Buckling mode: composite panel.
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Fig. 11 Force-displacement curves (FEM denotes finite element method).

S, Mises
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+3.064e+02
+2.824e+02
+2.584e+02
+2.344e+02
+2.104e+02
+1.864e+02
+1.624e+02
+1.384e+02
+1.144e+02
+9.036e+01
+6.636e+01
+4.236e+01
+1.836e+01

Fig. 12

Contour of von Mises stress at Au = 1.27 mm: isotropic panel.
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MSTRN
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+2.25%-02

Fig. 13 Contour of maximum strain failure index at Au = 1.61 mm: composite panel.

and the first ply failure is expected to happen for the index equal
to 1.00.

Each panel optimization required a total of 600 fitness evaluations.
Using the presented analytical formulation, the average CPU time to
perform the required fitness evaluations in the two considered cases
was 274 s on a Core2 Duo 3.00 GHz with 2 GB of RAM. Adding the
average CPU time required by the final finite element analysis equal
to 382 s, the total CPU time needed to complete the optimization
procedure was 656 s. The estimated time of an analogous optimi-
zation procedure based only on the use of the finite element method
would require an analysis time of about 3690 h. In both cases, it
should also be noted that the time required to set up the finite element
models in this last case should be equal to the number of evaluations
required by the procedure.

VI. Conclusions

A fast tool for the buckling analysis and optimization of stiffened
panels made of isotropic and composite materials and subjected to
axial compression has been presented. The tool consists of two inde-
pendent modules: one for the analysis and one for the optimization.

The analysis is performed by implementing an analytical formul-
ation and allows the evaluation of the buckling and postbuckling
behavior. The accuracy of the analytical formulation was shown by
the comparison with ABAQUS analyses. For the considered exam-
ples, it was observed that the analytical local and global buckling
loads are higher than the numerical ones, with a difference of 9% or
less. Good accuracy was also obtained for the postbuckling stiff-
nesses, with percent differences below 3%.

Because of the nonconvexity of the design space and the presence
of noninteger variables, the optimization was performed using gene-
tic algorithms. The number of fitness evaluations required by genetic
algorithms is easily handled by the analysis module. The fitness
function, the constraint values, and the optimization algorithm can be
easily modified according to industrial requirements, as the fast tool
is realized by two independent modules. In the considered examples,
buckling and postbuckling requirements were taken into account, but
any type of constraint (such as static, dynamic, or cost) can be easily
introduced without any change in the overall structure of the tool.

The proposed approach also has the advantage of reduced compu-
tational time, which is achieved by implementing the analytical
formulation in the analysis module, resulting in a much faster time
than an equivalent module based on conventional finite element
analysis. This aspect is especially important when the nonlinear
behavior in the postbuckling field is taken into account.

The idea of coupling analytical formulations with optimization
algorithms seems an effective strategy to enable the designers to
consider buckling and postbuckling requirements in the preliminary
design phases when detailed information about the structure are not
yet available and the design space is too large to consider the use of
finite element analysis in a convenient time.
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